We find a purely gravitational classical solution of M-theory/eleven-dimensional supergravity which corresponds to a solution of the E 10 brane sigma-model involving a null root. This solution is not supersymmetric and is regularly embedded into E 11 .
Introduction
Since the discovery of evidence for an hidden infinite symmetry in M-theory or eleven dimensional supergravity in terms of the Kac-Moody algebras e 10 or e 11 [1, 2] , various attempts have been made to understand how, and if, these conjectured infinite symmetries are realised. Near a space-like singularity one can describe the billiard-like dynamics in terms of Weyl reflections in e 10 [3] (see [4, 5] for reviews). Using the Kac-Moody/supergravity dictionary of [2] and [6] , various cosmological solutions of eleven dimensional gravity were derived in [7] . Similar to the description of extremal black holes in terms of geodesics on a pseudo-Riemannian coset manifold [8, 9] , the Kac-Moody description was extended to describe supersymmetric brane solutions of eleven dimensional solutions in [10, 11, 12] , in terms of a mixed signature E 10 /K(E 10 ) sigma-model. We recently extended this analysis to non-marginal supersymmetric bound states of the various branes in M-theory [13] . By embedding sl(n, R) subalgebras in e 10 or e 11 in various ways, we re-derived several known supersymmetric brane bound states. Related earlier work in terms of E 11 group elements can be found in [14] .
After the considerations of [13] , we can now ask the question: What kind of supergravity solutions do different choices of subalgebras of e 10 or e 11 correspond to? In particular, which subalgebras give rise to supersymmetric solutions and which ones do not? The solutions studied earlier correspond to finite-dimensional subalgebras as they appear in the Cartan classification or to summands of gl (1) . This in particular included only algebra generators associated with real root generators or from the Cartan subalgebra. 1 By contrast, we will here consider a non-simple Lie algebra g ⊂ e 11 that involves generators associated to a null root of e 11 . 2 Using the brane sigma-model we derive from this extended Heisenberg algebra a static space-time, that turns out to break supersymmetry completely. This example illustrates the fact that different types of subalgebras of e 10 or e 11 correspond to a wide range of different solutions in M-theory.
We will, in the following, assume some familiarity with the brane sigmamodel. For an introduction on how subalgebras in e 10 or e 11 map to supergravity solutions via the Kac-Moody/supergravity dictionary, we refer to the more extensive analysis in [13] . One advantage of analysing supergravity solutions from the algebraic perspective is that the sigma-models that are conjectured to be dual to the gravitational theory are formally completely integrable and hence in principle allow for the construction of solutions with arbitrary conserved Noether charges.
A null root solution
The method used here and in [7, 13] goes as follows. One first picks a suitable algebra g ⊂ e 11 (not necessarily simple) and determines the null geodesics on G/K where G is the Lie group associated with g and K a maximal subgroup whose real form depends on whether one is interested in cosmological or brane type solutions in the end. Then one finds a realisation of this algebra in terms of the generators at lower levels in the level decomposition of e 11 . Via the dictionary of for example [6] one then derives the corresponding supergravity solution and analyses its properties. In this short note we choose g to be a four-dimensional nilpotent Lie algebra, containing a Heisenberg subalgebra with a null root.
A nilpotent Lie algebra
Recall the Cartan-Weyl basis of a general Lie algebra,
The Killing form κ restricted to the Cartan subalgebra is in this basis given by
We call a root α null (or light-like imaginary) if α(h α ) = 0, i.e. if it has zero norm under the Killing form (2.2). This implies that h α commutes with the positive and negative step operators e ±α corresponding to the same root α. If α(h α ) < 0 we call α purely imaginary (or time-like imaginary). The existence of purely imaginary and null roots in Kac-Moody algebras is one of the things that distinguishes them from finite simple Lie algebras [16] . (The root spaces associated with null or imaginary roots are in general degenerate.) Let us now consider an algebra, that we denote g, generated by the four elements h, e, f and Λ subject to the commutation relations
( 2.3) Here we have not specified the normalisation of Λ and this shows up in the arbitrary parameter µ. This algebra is nilpotent, as
and h is a center element, being in the centralizer of Λ, e and f . In e 11 we may realise this algebra by choosing for example 3
Here we follow the conventions of [6] and [17] . Recall that in the level decomposition of e 11 under the gravity gl(11, R) subalgebra, K a b span the zeroth level, and the generators R a 0 |a 1 ...a 8 span level three (see e.g. [5] for more details). We choose the following bilinear form on g, 6) which is consistent with the standard bilinear form of e 11 according to the embedding (2.5). The bilinear form vanishes on all other combinations and in particular (h, h) = 0. Hence, h is a Cartan generator corresponding to a null root in e 11 , as can also be seen by the commutation relations (2.3). Note that the bilinear form is non-degenerate, due to the non-zero 'angle' µ between h and Λ. Define furthermore an involution τ on g by
such that the fixed point set under τ is the subalgebra
and
is the set of elements X ∈ g that obey τ (X) = −X. If we think of g ⊂ e 11 , according to (2.5), τ is the restriction of the 'temporal' involution of [10] , by letting for example the eleventh direction be time-like.
Solving the sigma-model equations of motion
Let us now consider a sigma-model generated by a map from R, parametrized by the co-ordinate ξ, into the coset manifold G/K, where G is the Lie group with algebra g and K is the subgroup of G, generated by the subalgebra k.
From the bilinear form (2.6) we see that K = SO(1, 1), as (e + f, e + f ) = 2, indicating that e + f is a non-compact generator. We let (locally on G) 10) be the coset map and φ, q and A depend on the parameter ξ. We denote by P and Q the usual projections to p and k respectively, of the pullback V * (ω G ), where ω G is the Maurer-Cartan form on G. More concretely
and we find 12) and
Demanding that V describes a geodesic on G/K amounts to 14) and in terms of q, φ and A this gives us the three equations
These equations are quite straightforwardly integrated and the solution is given by
where c 1 , . . . , c 6 are six integration constants. The lapse constraint, derived from reparametrization invariance on the world-line spanned by ξ (and ensuring that V traces out a null geodesic on G/K) is 17) and this condition becomes, using (2.12) and the bilinear form (2.6),
We solve (2.18) by setting c 4 = 4 9 µc 1 . Note that the equations (2.15) and (2.18) incorporate a couple of symmetries, corresponding to the four generators of the Lie algebra g. We have two shift-symmetries, φ → φ + a and A → A + b as φ and A only show up with their differentials ∂ ξ φ and ∂ ξ A in (2.15) and (2.18). These two symmetries shift the c 6 and c 5 integration constants. Associated to the generator Λ is the symmetry, q → q + a, A → e −µa A, which acts on the integration constants as c 2 → c 2 + a, c 3 → e µa c 3 and c 6 → e −µa c 6 . We also have a non-linear symmetry, corresponding to the non-compact subgroup K = e α(e+f ) : α ∈ R acting as
19)
This symmetry acts on the c 3 constant as c 3 → c 3 +α and hence is equivalent to switching on the level three generator. Note that the four-dimensional symmetry group G does not act transitively on the five-dimensional space of solutions, since there is no symmetry that acts on the integration constant c 1 .
In other words, on the space of solutions to the sigma-model, the parameter c 1 parametrises the orbits of G.
Dictionary
We can embed the above solution in the E 10 brane sigma model, and use the standard dictionary of [2, 6] (see also [18] ) to derive the corresponding space-time solution. We fix time t to be x 11 and the parameter ξ in the sigma-model to map to the x 1 coordinate. Let e m a be the (ten-dimensional) vielbein in the directions orthogonal to ξ, and assume that e m a is diagonal. Here, m denotes a curved index; we will also use the notation where we put a tilde over a curved index, especially for a specific value. This then gives 21) from the dictionary for φ. Furthermore, the dictionary for the field q gives
where b = 3, ..., 11 and the χ b 's are functions, not depending on ξ. From the dictionary for the A field we will see below that the χ b 's are necessarily non-zero. Let Ω abc be the anholonomy derived from the vielbein e m a . The dictionary of [6] demands that the trace of the last two indices in the anholonomy vanishes, i.e. Finally, the dictionary for the A-field gives
where Ω 233 is a component of the anholonomy Ω abc derived from the vielbein e m a , and e = det e m a . If we choose
the χ b dependence disappears from the determinant of the vielbein, and we find from (2.25) that
where x 2 is the co-ordinate in the 2-direction. We can solve the tracecondition (2.24) by choosing χ 4 = −χ 3 and χ c = 0 for c ≥ 5. Due to the fact that the level 3 generator in the e 11 embedding has no leg in the x 1 -direction, we have hence found from equation (2.25) that we need a dependence on x 2 in the metric, in addition to the dependence of ξ. The last component of the vielbein is now given by the dictionary for the lapse function in the sigma-model, and becomes e ξ 1 = e = e φ−µq . (2.28)
Space-time solution
To summarize, from the algebra g given by (2.1) we have found, using the dictionary of [6] , the space-time metric
This is a Ricci-flat metric, and is therefore a solution of the classical equations of motion in eleven dimensional supergravity. There are no fluxes. We note that this solution is very similar to polarised Gowdy cosmologies, although stationary. Some Gowdy-type cosmologies were found using Heisenberg-subalgebras in [19] in the cosmological Kac-Moody sigma-model for pure gravity. Below we analyse the amount of supersymmetry preserved by the space-time defined by (2.29). By putting the level three field A to zero, i.e. c 3 = 0 in (2.16), the solution reduces to the stationary version of the Kasner-solution [20] , which has been discussed in the context of over-extended Kac-Moody algebras in [21] . The stationary Kasner solution is known not to be supersymmetric. Using the K-symmetry discussed above, we can generate the full solution with the level three generator switched on, from the stationary Kasner and as K-transformations are expected to preserve supersymmetry we can deduce that the full solution breaks supersymmetry as well. We confirm this below.
Brane embedding
As discussed in [17] , a solution of the E 10 brane sigma-model can be embedded in an E 11 sigma-model if the relation
is satisfied, where e is the determinant of the vielbein in the directions orthogonal to ξ. The relation (2.30) is similar to the brane extremality condition of [22] , and is automatically satisfied by (2.28).
Checking supersymmetry
It is now straightforward to confirm that the solution (2.29) derived from the nilpotent Lie algebra g breaks supersymmetry completely. For clarity we do the analysis quite explicitly. The equation for a vanishing variation of the gravitino in eleven dimensional supergravity is
if all fluxes are set to zero, as in the above solution. Here ω M AB is the spinconnection, ǫ a Majorana spinor (32 independent real components), and Γ A the generators of the Clifford algebra in 10+1 dimensions. The components of the spin connection, calculated from (2.29), become (in flat indices) implying in particular that Γ 31 ǫ = 0 and Γ 32 ǫ = 0 . We clearly find a similar result for M = 4 implying that ǫ = 0.
Conclusions and discussion
We have seen in this short note that non-simple subalgebras of e 11 with imaginary roots correspond to solutions qualitatively very different from the algebras discussed in [13] that consisted only of real roots. In particular the solution discussed here is instead quite similar to cosmological solutions one can derive from 'null algebras' in the cosmological E 10 sigma model. That the difference between the cosmological and the brane sigma model is quite minor in this case is evident from the lapse equation (2.18). The lapse constraint for the algebra g only restricts the integration constants of the solution, and not the functional dependence of the fields, contrary to the case in [13] .
To extend the results here, it would be interesting to consider null algebras with also level one and level two generators switched on. These generators turn on charges in space-time and it would be interesting to study the corresponding solutions, in order to see whether they are supersymmetric.
